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Abstract
In bosonic string theory, it is known that the Buscher rules for the T-duality
transformations receive quantum corrections at order α′. In this paper, we use the
consistency of the gravity couplings on the D-brane effective action at order α′, with
the above T-duality transformations to find the B-field and the dilaton couplings.
We show that these couplings are fully consistent with the corresponding disk-level
S-matrix elements in string theory.
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1 Introduction and results
One of the most fantastic dualities of string theory is T-duality [1, 2, 3, 4]. It relates the
bosonic string theory compactified on a circle with radius ρ to the same theory compactified
on another circle with radius α′/ρ. It also relates the Dp-brane of the theory to the Dp−1-
brane and Dp+1-brane, depending on whether the original Dp-brane is along or orthogonal
to the circle, respectively. The bulk action S which is given by the closed string field theory,
must be invariant under the T-duality [5, 6], and the Dp-brane action SDp which is given
by the cubic string field theory [7], must be covariant under the T-duality, i.e.,
S
T−→ S , SDp T−→ SDp±1 . (1.1)
An appropriate framework for incorporating the T-duality into these actions is the double
field theory formalism in which the fields depend both on the usual spacetime coordinates
and on the winding coordinates [8, 9, 10]. These actions can be expanded at low energy,
i.e.,
S =
∞∑
n=0
(α′)nS(n) , SDp =
∞∑
n=0
(α′)nS
(n)
Dp
, (1.2)
and then information about S(n) and S
(n)
Dp
can be found from the α′-expansion of S-matrix
elements [11, 12, 13, 14] and from T-duality [15, 16].
The bulk effective action of bosonic string theory includes various couplings of the
closed string tachyon τ , graviton Gµν , dilaton φ and antisymmetric B-field. Because of the
tachyon, the perturbative bosonic string theory is unstable. In this paper we assume that
the tachyon freezes at τ = 0. With this assumption, the leading α′-order terms of the bulk
effective action in the bosonic string theory are given by the following couplings
S(0) =
1
2κ2
∫
dDxe−2φ
√
−G
[
R + 4(∂φ)2 − 1
12
H2
]
. (1.3)
The heterotic and the superstring theories have the same couplings as well as some other
couplings involving the other massless fields in their corresponding supermultiplets [17]. The
above action is invariant under the standard Buscher rules for the T-duality transformations
(see e.g., [9]).
The next-to-leading α′-order terms of the bulk effective action have been found in [11]
from the corresponding sphere-level S-matrix elements. T-duality, however, is not manifest
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in these couplings. It has been shown in [18, 15] that by using proper field redefinitions,
one can change the couplings at order α′ into a manifestly T-dual invariant form. However,
the T-duality transformations are the standard Buscher rules plus some α′-corrections [15].
The T-dual invariant action is S(0) + α′S(1) where the action S(0) is given in (1.3) and S(1)
is
S(1) =
λ0
2κ2
∫
dDxe−2φ
√
−G
[
−R2GB + 16(Rµν−
1
2
GµνR)∂µφ∂νφ−16∇2φ(∂φ)2 + 16(∂φ)4
+
1
2
(RµνλρH
µναHλρα−2RµνH2µν +
1
3
RH2)− 2(∇µ∂νφH2µν −
1
3
∇2φH2)−2
3
(∂φ)2H2
− 1
24
HµνλH
ν
ραH
ρσλHσ
µα +
1
8
H2µνH
2µν − 1
144
(H2)2
]
, (1.4)
where λ0 = −14 for the bosonic string theory, λ0 = −18 for the heterotic theory and λ0 = 0
for the superstring theory. In above action, H2µν = HµαβHν
αβ and R2GB = R
2
µνλσ−4R2µν+R2
is the Gauss-Bonnet combination of the curvature squared terms which does not change
the graviton propagator in (1.3). The T-duality invariance of the above action is such that
the action S(1) itself is not fully invariant under the standard T-duality transformation. It
produces some extra terms. The extra terms however are canceled with the transformation
of the action S(0) under the α′-corrected T-duality [15].
Unlike the leading α′-order action (1.3), the couplings in (1.4) are not unique. One can
use field redefinitions of order α′ on the action (1.3) to change the couplings in the action
(1.4) [19, 20, 11]. For example, using the field redefinition,
φ→ φ+ δφ , Gµν → Gµν + δGµν , (1.5)
where
δφ = α′λ0a1H
2 , δGµν = α
′λ0(b1H
2
µν + b2∂µφ∂νφ) , (1.6)
one can produce the following couplings from (1.3):
α′λ0
2κ2
∫
dDxe−2φ
√
−G
[
− 2a1H2
(
R + 4∇2φ− 4(∂φ)2 − 1
12
H2
)
(1.7)
−(b1H2µν + b2∂µφ∂νφ)
(
Rµν+2∇µ∂νφ−1
4
H2µν−1
2
Gµν [R+4∇2φ−4(∂φ)2− 1
12
H2]
)]
,
where a1, b1 and b2 are arbitrary constants. Adding the above terms into the action (1.4)
for the following specific values:
a1 = −1
6
, b1 = −1 , b2 = 16 , (1.8)
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one finds that the bulk action at order α′ simplifies to
S(1) =
λ0
2κ2
∫
dDxe−2φ
√
−G
[
−R2GB +
1
2
RµνλρH
µναHλρα + 32∇2φ(∂φ)2 − 48(∂φ)4 (1.9)
−2
3
(∂φ)2H2 + 4∂µφ∂νφH2µν −
1
24
HµνλH
ν
ραH
ρσλHσ
µα − 1
8
H2µνH
2µν +
1
144
(H2)2
]
,
where we have also used the integration by part to write ∇µ∂νφ∂µφ∂νφ = −12∇2φ(∂φ)2 +
(∂φ)4. One may use a different field redefinition to write the above couplings in yet another
form. However, in order to keep the Gauss-Bonnet combination unchanged under the field
redefinition, we are not allowed to use the field redefinitions δGµν = α
′λ0(b3GµνR+ b4Rµν)
and δφ = α′λ0a2R. Moreover, we are not allowed to have the field redefinitions δBµν ∼
∇αHαµν or δφ ∼ ∇2φ because these change the B-field or dilaton propagators, respectively.
The couplings (1.7) are not invariant under the T-duality. As a result, the above action is
not manifestly invariant under the T-duality.
The effective action of D-brane includes various world volume couplings of open string
tachyon T , transverse scalar fields Φi, gauge field Aa, closed string tachyon, graviton, dilaton
and B-field. Duo to the presence of the open string tachyon, the D-branes in bosonic string
theory are all unstable. We again assume that the open string tachyon freezes at T = 0
and the closed string tachyon at τ = 0. Then the leading α′-order terms of the D-brane
effective action are given by the Dirac-Born-Infeld (DBI) action [21, 22]
S
(0)
Dp
= −Tp
∫
dp+1xe−φ
√
−det(G˜ab + B˜ab) , (1.10)
where G˜ab and B˜ab are pull-back of the bulk fields Gµν and Bµν onto the world-volume of
the D-brane5, e.g.,
G˜ab =
∂Xµ
∂σa
∂Xν
∂σb
Gµν . (1.11)
The gauge field is added to this action by the replacement B → B+2πα′F . The transverse
scalar fields appear in the static gauge where Xa = σa and X i = 2πα′Φi. The DBI action
also describes the dynamics of D-branes of superstring theory at low energy. This action is
covariant under T-duality transformations [23].
5Our index convention is such that the Greek letters are used as space-time indices as usual. The Latin
letters (a, b, c, ...) denote the world-volume indices while (i, j, k, ...) denote the transverse or normal bundle
indices.
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The α′ corrections to the D-brane action (1.10) have been studied in [14, 24]. By requir-
ing the consistency of the effective action with α′-order terms of the disk-level scattering
amplitude of two gravitons, the following gravity couplings have been found in [14]:
S
(1)
Dp
= −Tp
2
∫
dp+1xe−φ
√
−G˜
[
R˜ +⊥αβ(ΩαaaΩβbb − ΩαabΩβ ab) + . . .
]
, (1.12)
where R˜ is the scalar curvature made out of the pull-back metric G˜ab and Ω is the second
fundamental form
Ωαab =
∂2Xα
∂σa∂σb
+
∂Xµ
∂σa
∂Xν
∂σb
Γαµν . (1.13)
The operator ⊥µν is the projection operator to the transverse space, i.e.,
⊥µν = Gµν − G˜µν , G˜µν = ∂X
µ
∂σa
∂Xν
∂σb
G˜ab , (1.14)
where G˜µν which projects operators to the world volume space, is the first fundamental
form, and the indices of the operator ⊥µν in (1.12) are lowered by the spacetime metric6.
The dots in (1.12) refer to the dilaton and B-field couplings. The coefficients of these
couplings that have been found in [14], however, depend on the dimension of the Dp-brane.
We refer the interested readers to [14] for the explicit form of these couplings. Under the
T-duality transformations, the graviton transforms into B-field, so in a T-duality invariant
action the coefficients of the B-field and dilaton, like the coefficients of the gravity couplings
in (1.12), must be independent of p. As a result, the above action is not manifestly invariant
under the T-duality.
In this paper, we are going to find an action which is manifestly invariant under the
T-duality. We have found that it is impossible to find appropriate dilaton and B-field
couplings which make the gravity couplings in (1.12) to be invariant under the standard T-
duality transformations. However, when we use the α′-corrected T-duality transformations
[15], we will find the following T-duality invariant couplings:
S
(1)
Dp
= −Tp
2
∫
dp+1xe−φ
√
−G˜
[
R˜ +⊥µν(ΩµaaΩνbb − ΩµabΩν ab) + 2⊥µνΩµaa∂νφ+ ∂µφ∂µφ
−1
8
H˜2 − 1
8
⊥µνH2µν +
1
8
⊥αβ⊥µνHαµλHβνλ + 1
24
⊥αβ⊥µν⊥λσHαµλHβνσ
]
, (1.15)
6The relation between the second fundamental form Kiab that has been used in [14] and Ω
µ
ab is K
i
ab =
Ωµabn
i
µ where n
i
µ for i = p + 1, · · · , D, are the orthonormal basis of the transverse space, i.e., ⊥µν =∑D
i=p+1 n
i
µn
i
ν .
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where H˜2 = HabcH
abc. The above D-brane action is consistent with the bulk action (1.4),
i.e., they both are manifestly invariant under the T-duality. Similar calculations have been
done in [16, 25] to find the T-dual completion of the gravity couplings on the world volume
of D-branes in the superstring theory.
The actions (1.4) and (1.15) may be used to study various physical phenomena like the
scattering of external particles from the D-branes in the bosonic string theory. However, if
one prefers to use the simplified bulk action (1.9) in which the field redefinition (1.6) has
been used, then the same field redefinition must be applied on the DBI action to modify
the brane action (1.15). The field redefinition (1.6) produces the following couplings from
the DBI action:
− α
′Tp
2
∫
dp+1xe−φ
√
−G˜
[
− 2a1H2 + b1G˜abH2ab + b2∂aφ∂aφ
]
λ0 . (1.16)
Adding the above couplings for the specific values (1.8) to the action (1.15), one finds
S
(1)
Dp
= −Tp
2
∫
dp+1xe−φ
√
−G˜
[
R˜ +⊥µν(ΩµaaΩνbb − ΩµabΩν ab)− 3∂aφ∂aφ
+⊥µν∂µφ∂νφ+ 2⊥µνΩµaa∂νφ+ 1
24
H˜2 +
1
8
⊥µνH2µν
−3
8
⊥αβ⊥µνHαµλHβνλ + 5
24
⊥αβ⊥µν⊥λσHαµλHβνσ
]
, (1.17)
which is the D-brane action corresponding to the bulk action (1.9). Unlike the D-brane
action (1.15), the above action is not manifestly invariant under the T-duality transforma-
tions. To compare the D-brane actions (1.15) or (1.17) with the string theory S-matrix
elements, we have to transform them to the Einstein frame and use some other field redef-
initions. Then we compare them with the corresponding disk-level S-matrix elements.
An outline of the paper is as follows: In section 2 we give a brief review of the standard
T-duality transformation along with its α′ corrections [15], and review the prescription
given in [16] for finding the T-dual completion of a gravity coupling in the effective action
of D-branes. In section 3, using this method we find the appropriate B field and dilaton
couplings which make the graviton couplings in (1.12) to be invariant under the T-duality.
In section 4, in order to compare the action (1.17) with the string theory S-matrix elements,
we transform the actions (1.9) and (1.17) to the Einstein frame. We find perfect agreement
between the B-field couplings that we have found and the B-field couplings that have been
found in [14] from S-matrix calculations. The dilaton couplings, however, are not exactly
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the couplings that have been found in [14]. In Appendix A, we reexamine the extraction
of the dilaton couplings from the S-matrix element of two gravitons and find an exact
agreement with the couplings that we have found from T-duality.
2 T-duality
The full set of nonlinear T-duality transformations for massless fields have been found in
[2, 26, 27, 28]. When the T-duality transformation acts along the Killing coordinate y, the
transformations are
e2φ˜ =
e2φ
Gyy
, G˜yy =
1
Gyy
,
G˜µy =
Bµy
Gyy
, G˜µν = Gµν − GµyGνy − BµyBνy
Gyy
,
B˜µy =
Gµy
Gyy
, B˜µν = Bµν − BµyGνy −GµyBνy
Gyy
, (2.1)
where µ, ν 6= y. In above transformation the metric is given in the string frame. If y is
identified on a circle of radius ρ, i.e., y ∼ y+2πρ, then after T-duality the radius becomes
ρ˜ = α′/ρ. The string coupling is also transformed as g˜ = g
√
α′/ρ.
It is known that the T-duality transformations in the superstring theory do not receive
α′ corrections, however, they receive such corrections in the heterotic and bosonic string
theories [15]. That is, the T-duality operator has an α′ expansion
T =
∞∑
n=0
(α′)nT (n) , (2.2)
where T (n) for n > 0 are all zero in the superstring theory and are non-zero in other cases.
In all theories T (0) is given by the Buscher rules (2.1). The invariance of the effective actions
at order (α′)0 then means that
S(0)
T (0)−→ S(0) . (2.3)
At order α′, the action has two terms, i.e., S = S(0) + α′S(1). The invariance then means
S(1)
T (0)−→ S(1) + δS ,
S(0)
T (1)−→ −δS . (2.4)
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At order (α′)2, the action has three terms, i.e., S = S(0) + α′S(1) + (α′)2S(2) and again the
invariance means that
S(2)
T (0)−→ S(2) + δS1 + δS2 ,
S(1)
T (1)−→ −δS1 ,
S(0)
T (2)−→ −δS2 . (2.5)
Similarly for the action at higher orders of α′.
To study the α′ corrections to the T-duality transformations, it is convenient to introduce
the following new fields:
gµν ≡ Gµν −GyyGµyGνy , bµν ≡ Bµν − 1
2
Gyy(BµyGνy −BνyGµy) ,
φ¯ ≡ φ− 1
4
lnGyy , Vµ ≡
√
GyyGµy , Wµ ≡
√
GyyBµy , σ ≡ 1
2
lnGyy . (2.6)
In terms of these fields, the T-duality operator at leading α′-order T (0) simplifies as
σ
T (0)−→ −σ , Vµ T
(0)−→Wµ , Wµ T
(0)−→ Vµ . (2.7)
The fields gµν , bµν and φ¯ remain invariant under the T-duality. Up to the order of α
′, the
T-duality operator has been found in [15] to be
σ
T−→ −σ − α
′λ0
2
[
8(∇σ)2 + e2σVµνV µν + e−2σWµνW µν
]
,
Vµ
T−→ Wµ − α′λ0
[
4Wµν∇νσ + e2σHµνλV νλ
]
,
Wµ
T−→ Vµ − α′λ0
[
4Vµν∇νσ − e−2σHµνλW νλ
]
,
Hµνλ
T−→ Hµνλ − 12α′λ0
[
∇[µ(WνρVλ]ρ) + V[µνWλ]ρ∇2σ +W[µνVλ]ρ∇2σ ,
+
1
4
e2σV ρχV[µνHλ]ρχ − 1
4
e−2σW ρχW[µνHλ]ρχ
]
. (2.8)
The metric gµν and φ¯ remain invariant. In above transformations, H is the field strength
of the b-field, i.e., Hµνλ = ∂µbνλ + ∂λbµν + ∂νbλµ, Vµν is the field strength of Vµ, i.e.,
Vµν = ∂µVν − ∂νVµ and Wµν is the field strength of Wµ, i.e., Wµν = ∂µWν − ∂νWµ.
One may assume that the metric is a small perturbation around the flat space, i.e.,
Gαβ = ηαβ + hαβ , and also assume that the dilaton and B-field are small perturbations.
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Then one can find a perturbative expansion for the T-duality transformation of the graviton,
dilaton and B-field.
A perturbative method for finding the T-duality invariant world volume couplings is
given in [16]. Let us review this method here. A coupling in general has world volume
and normal bundle indices. Suppose we are implementing T-duality along a world volume
direction y of a Dp-brane. We first separate the world-volume indices along and orthogonal
to y, and then apply the T-duality transformations (2.8). The orthogonal indices are the
complete world-volume indices of the T-dual Dp−1-brane. However, y in the T-dual theory
which is a normal bundle index, is not complete. On the other hand, the normal bundle
indices of the original theory are not complete in the T-dual Dp−1-brane. They do not
include the y index. In a T-duality invariant theory, the index y must be combined with
the incomplete normal bundle indices to make them complete. This last step can be done
by rewriting an incomplete normal bundle index as a complete normal bundle index minus
the y-index. Then all the couplings which have the y-index must be canceled. If the world
volume couplings with the y-index are not canceled, one should then add new couplings to
the original theory to be able to cancel them.
3 T-dual completion of the gravity couplings
In this section we are going to apply the perturbative method outlined in the previous
section to extend the brane action (1.12) to be invariant under the T-duality transformations
(2.8). Let us first review how the gravity couplings (1.12) have been found in [14]. The
authors of [14] consider various gravity couplings at order α′ with arbitrary coefficients,
i.e.,
α′Tp
2
∫
dp+1xe−φ
√
−G˜
[
β0R˜+β1⊥µνΩµaaΩνbb+β2⊥µνΩµabΩνab+β3⊥µνRµν+β4⊥µν⊥αβRµανβ
]
.
There is another gravity coupling at this order which is given by the bulk scalar curvature R
evaluated on the D-brane. However, it is not independent according to the Gauss identity
(see e.g., [30])
R˜− R + 2⊥µνRµν −⊥µν⊥αβRµανβ −⊥µν(ΩµaaΩνbb − ΩµabΩνab) = 0 . (3.1)
Using the fact that the α′ terms should not change the propagator of the transverse scalars,
the relation β1 = −β2 has been found. Then using these D-brane couplings and the Gauss-
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Bonnet couplings in the bulk action, the massless poles and the contact terms of the scat-
tering amplitude of two gravitons from D-brane have been calculated. By equating these
terms with the corresponding terms in the disk-level S-matrix element of two gravitons, one
finds the gravity couplings in (1.12) uniquely.
Now to extend the gravity couplings (1.12) to be invariant under the T-duality, one has
to again consider all the B-field and dilaton couplings at order α′ with arbitrary coefficients,
i.e.,
α′Tp
2
∫
dp+1xe−φ
√
−G˜
[
α1HabcH
abc + α2⊥αβHαµνHβµν + α3⊥αβ⊥µνHαµλHβνλ
+α4⊥αβ⊥µν⊥λσHαµλHβνσ + α5Bab∇µHµab + σ1Gµν∇µ∂νφ
+σ2⊥µν∇µ∂νφ+ σ3G˜ab∂aφ∂bφ+ σ4Gµν∂µφ∂νφ
]
. (3.2)
Note that the coupling H2 is not independent of the other B-field couplings that we have
considered, i.e.,
H2 = HabcH
abc + 3⊥αβHαµνHβµν − 3⊥αβ⊥µνHαµλHβνλ +⊥αβ⊥µν⊥λσHαµλHβνσ . (3.3)
Neither the dilaton coupling ⊥µν∂µφ∂νφ nor the coupling ⊥µνΩµaa∂νφ are independent,
i.e.,
⊥µν∂µφ∂νφ = Gµν∂µφ∂νφ− G˜ab∂aφ∂bφ ,
G˜µν∇µ∂νφ = ∇˜a∂aφ−⊥µνΩµaa∂νφ . (3.4)
Moreover, up to a total derivative term, one has the identity ∇˜a∂aφ = ∂aφ∂aφ in the string
frame action. So the terms in (3.2) are all independent B-field and dilaton couplings at
order α′.
After adding the couplings (3.2) to the gravity couplings (1.12), we use the perturbation
Gµν = ηµν + hµν and keep the terms with linear- and quadratic-order fields. Following the
method outlined in the previous section, we separate the world volume indices along and
orthogonal to the Killing index y. Then we use the T-duality transformations (2.7). In the
T-dual theory we also complete the transverse indices. Doing all these steps, we have found
that it is impossible to cancel the couplings which have the y-index. This confirms the
observation made in [15] that the T-duality in the bosonic and the heterotic string theories
must receive α′ corrections (2.8).
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The α′-corrected T-duality transformations (2.8) must be applied on the DBI action
(1.10). Since we keep the perturbative fields up to the quadratic order, we have to take
into account only the α′ corrections in the first line of (2.8). The α′ terms in (2.8) start
at quadratic order terms, so we have to consider the linear order terms in the DBI action
which are
S
(0)
Dp
= −Tp
∫
dp+1x (1− φ+ 1
2
ηabhab + · · · ) , (3.5)
where dots refer to the higher-order terms. Now we have to separate the world volume
indices along and orthogonal to y, i.e.,
S
(0)
Dp
= −Tp
∫
dp+1x (1− φ+ 1
2
hyy +
1
2
ηa˜b˜ha˜b˜ + · · · ) , (3.6)
where the world volume indices a˜, b˜ are orthogonal to y. Under the T-duality (2.8), −φ +
1
4
hyy is invariant, and the α
′-corrected T-duality of ha˜b˜ has no quadratic order term. So the
T-duality of above action is given by the T-duality transformation of 1
4
hyy which is
1
4
hyy
T−→−1
4
hyy +
α′
8
[
∂µhyy∂µhyy + ∂µhνy(∂µhνy − ∂νhµy) + ∂µBνy(∂µBνy − ∂νBµy)
]
. (3.7)
Taking into account the above y-dependent terms at order α′ and ignoring some total
derivative terms, one is able to find the T-dual completion of the gravity couplings. With
the assistance of the computer algebra system, “Cadabra”, [31, 32], we have found the
result in (1.15).
4 Couplings in the Einstein frame
To compare the actions (1.15) or (1.17) with the S-matrix elements in string theory, we
have to transform them to the Einstein frame Gsµν = e
γφGEµν where γ = 4/(D − 2). Since
the S-matrix elements are independent of field redefinitions, we use the simplified actions
in which the field redefinitions have been used. We first transform the bulk actions to the
Einstein frame.
For those terms which have no derivative of the metric, the transformation gives only
an overall dilaton factor. In other cases, there are some extra terms involving the derivative
of the dilaton, e.g., the transformation of scalar curvature is
R =⇒ e−γφ
[
R − γ(D − 1)∇2φ− γ
2
4
(D − 1)(D − 2)(∂φ)2
]
, (4.1)
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where on the right hand side the metric is in the Einstein frame. This transforms the string
frame action (1.3) to the following action in the Einstein frame:
S(0) =
1
2κ2
∫
dDx
√
−G
[
R − γ(∂φ)2 − 1
12
e−2γφH2
]
, (4.2)
where the total derivative term has been dropped.
To transform the α′-order terms in (1.9), one needs the following relations between the
two frames:
∇µ∂νφ =⇒ ∇µ∂νφ− γ
2
(
2∂µφ∂νφ−Gµν∂αφ∂αφ
)
, (4.3)
Rµναβ =⇒ eγφRµναβ + 2γeγφ
[
G[µ[β∇ν]∂α]φ+ γ
2
G[µ[α∂ν]φ∂β]φ+
γ
4
G[µ[βGν]α]∂λφ∂
λφ
]
.
Using these transformations, one finds the transformation of various terms in the action
(1.9), i.e.,
RµνλρH
µναHλρα=⇒ e−4γφ
[
RµνλρH
µναHλρα−2γ∇µ∂νφH2µν+γ2∂µφ∂νφH2µν−
1
2
γ2(∂φ)2H2
]
,
∇2φ=⇒ e−γφ
[
∇2φ+ 2(∂φ)2
]
,
R2GB =⇒ e−2γφ
[
R2GB + 4γ(D − 3)
(
Rµν − 1
2
GµνR
)
∇µ∂νφ
+4γ(D − 3)
(
(∇2φ)2 −∇µ∂νφ∇µ∂νφ
)
−γ
2
2
(D − 3)
(
(D − 4)(∂φ)2R + 4∂µφ∂νφRµν
)
+2γ2(D − 3)
(
(D − 3)∇2φ(∂φ)2 + 2∇µ∂νφ∂µφ∂νφ
)
+
γ3
4
(D − 1)(D − 3)(D − 4)(∂φ)4
]
. (4.4)
In the string frame, the Gauss-Bonnet term does not change the graviton propagator, so one
expects that it does not change the graviton and dilaton propagators when transforming
it to the Einstein frame. In fact one can easily show that the quadratic order terms in
the Gauss-Bonnet can be written as cubic order terms. To this end, consider the following
identities:
(Rµν − 1
2
GµνR)∇µ∂νφ = ∇µ[(Rµν − 1
2
GµνR)∂
νφ] ,
(∇2φ)2 −∇µ∂νφ∇µ∂νφ = ∇µ[∂µφ∇2φ]−∇µ[∂νφ∇µ∂νφ] + ∂µφ∂νφRµν , (4.5)
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where in the first equation we have used the Bianchi identity ∇µRµν− 12∇νR = 0, and in the
second equation we have used the (non)commutative property of the covariant derivative,
i.e., [∇µ,∇ν ]Aα = RαβµνAβ and [∇µ,∇ν ]φ = 0. The above total derivative terms, however,
can not be dropped because of the overall dilaton factor e−γφ in the Einstein frame. Using
the integration by part, one can write the Gauss-Bonnet term as
e−2φ
√
−GR2GB =⇒ e−γφ
√
−G
[
R2GB + γ
2D(D − 3)∂µφ∂νφ(Rµν − 1
2
GµνR)
+2γ2(D − 1)(D − 3)∇2φ(∂φ)2
+
γ3
4
(D − 1)(D − 3)(D − 4)(∂φ)4
]
. (4.6)
It is interesting to note that the dilaton terms vanish in three dimensions. This is consistent
with the fact that the Gauss-Bonnet term is zero in three dimensions.
Using the above transformations, one finds that the action (1.9) transforms to the
following action in the Einstein frame:
S(1) =
λ0
2κ2
∫
dDx e−γφ
√
−G
[
− R2GB + e−2γφ
(1
2
RµνλρH
µναHλρα − γ∇µ∂νφH2µν
)
(4.7)
−γ2D(D − 3)∂µφ∂νφ
(
Rµν − 1
2
GµνR
)
−
(
2γ2(D − 1)(D − 3)− 32
)
∇2φ(∂φ)2+· · ·
]
,
where dots represent the quartic order terms. The above action can be simplified by using
field redefinition in the Einstein frame. Since we are interested in actions which can be
compared with the S-matrix elements, we are not going to use the field redefinitions which
change the Gauss-Bonnet combination of the curvature squared. Moreover, the Riemann
curvature in the second term above can not be changed under the field redefinition. All
other cubic terms in the above action can be converted to some quartic order terms by an
appropriate field redefinition.
The dilaton and the metric variations of the action (4.2) are
1
2κ2
∫
dDx
√
−G
[
δφ
(
2γ∇2φ+ γ
6
e−2γφH2
)
− δGµν
(
Rµν − γ∂µφ∂νφ
−1
4
e−2γφH2µν − 1
2
Gµν [R− γ(∂φ)2 − 1
12
e−2γφH2]
)]
.
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Using the following field redefinitions:
δφ = α′λ0e
−γφ
(
γ(∂φ)2 +
1
12
e−2γφH2
)
,
δGµν = −α′λ0e−γφ
(
γ2[D(D − 3) + 4]∂µφ∂νφ− 4γ∇µ∂νφ
)
, (4.8)
one finds that the Einstein frame action (4.7) converts to the following standard form of
the bulk action at order α′:
S(1)=
λ0
2κ2
∫
dDx e−γφ
√
−G
[
−R2GB +
1
2
e−2γφRµνλρH
µναHλρα − γ
2(D − 4)
(D − 2) (∂φ)
4
−e−2γφ
(
γ∂µφ∂νφH2µν −
γ
6
(∂φ)2H2
)
− e−4γφ
(1
8
H2µνH
2µν
+
1
24
HµνλH
ν
ραH
ρσλHσ
µα − (D + 6)
144(D − 2)(H
2)2
)]
. (4.9)
These terms are exactly the couplings that have been found in [11] from the corresponding
sphere-level S-matrix elements.
We now transform the brane actions to the Einstein frame. The string frame DBI action
(1.10) transforms to the following action:
S
(0)
Dp
= −Tp
∫
dp+1xe−φ
[
1−γ(p+1)/2
]√
−det(G˜ab + e−γφB˜ab) , (4.10)
To transform the D-brane action (1.17) to the Einstein frame, one needs the following
relations between the two frames:
R˜ =⇒ e−γφ
[
R˜ − γp∇˜2φ− γ
2
4
p(p− 1)∂aφ∂aφ
]
,
Ωµab =⇒ Ωµab + γ
2
(
∂aφ∂bX
µ + ∂bφ∂aX
µ − G˜ab∂µφ
)
,
Ωµa
a =⇒ e−γφ
[
Ωµa
a +
γ
2
(
2∂aφ∂
aXµ − (p+ 1)∂µφ
)]
, (4.11)
where we have also used the relation G˜abG˜
ba = p + 1. Using the above transformations,
one can find the brane action corresponding to the bulk action (4.7). However, to find
the D-brane action which is corresponding to the bulk action (4.9), we have to add to the
D-brane action those terms which are coming from the field redefinition (4.8). Using the
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relation ∂aX
µ⊥µν = 0, one finds
S
(1)
Dp
= −Tp
2
∫
dp+1xe−φ
[
1−γ(p−1)/2
]√
−G˜
[
R˜ +⊥µν
(
Ωµa
aΩνb
b − ΩµabΩν ab
)
(4.12)
+e−2γφ
( 1
24
HabcH
abc +
1
8
⊥αβHαµνHβµν − 3
8
⊥αβ⊥µνHαµλHβνλ
+
5
24
⊥αβ⊥µν⊥λσHαµλHβνσ
)
+
(
γ(p+ 1)(
γp
4
− 1) + 1
)
⊥µν∂µφ∂νφ
−(γp− 2)⊥µνΩµaa∂νφ−
(
3 +
γ2
4
p(p− 1)
)
∂aφ∂
aφ− γp∇˜2φ+∆
]
,
where ∆ is coming from the field redefinition (4.8) which is
∆ =
1
2
(
1− γ
2
(p+ 1)
)(
γ(⊥µν∂µφ∂νφ+ ∂aφ∂aφ) + 1
12
H2e−2γφ
)
+
γ2
4
(
D(D − 3) + 4
)
∂aφ∂
aφ− γ
(
∇˜2φ−⊥µνΩµaa∂νφ
)
.
Using the identity (3.3), one can easily observe that the B-field couplings in the above action
are exactly the couplings that have been found in [14] from the corresponding disk-level
S-matrix elements.
To check the dilaton couplings with the S-matrix elements, one may use once more field
redefinition. Since we have already used the field redefinition on the bulk fields to convert
the bulk action to the standard form (4.9), we are not allowed anymore to use the field
redefinition on the bulk fields. However, we can still use field redefinition on the brane
fields. The variation of the DBI action (4.10) under ⊥µνδXν is
− Tp
∫
dp+1x e−φ
[
1−γ(p+1)/2
]√
−G˜
[
⊥µνδXµ
(
− [1− γ(p+ 1)/2]∂νφ− Ωνaa)
]
. (4.13)
To convert the coupling with structure ⊥µνΩµaa∂νφ to the coupling ⊥µν∂µφ∂νφ, one can
use the following field redefinition:
δXµ = −α
′
2
(
2 + γ − γp)e−γφ∂µφ . (4.14)
Using also the integration by part to convert the coupling ∇˜2φ to the coupling with structure
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∂aφ∂
aφ, one finds the following result:
S
(1)
Dp
= −Tp
2
∫
dp+1xe−φ
[
1−γ(p−1)/2
]√
−G˜
[
R˜ +⊥µν
(
Ωµa
aΩνb
b − ΩµabΩν ab
)
(4.15)
+e−2γφ
( 1
24
HabcH
abc +
1
8
⊥αβHαµνHβµν − 3
8
⊥αβ⊥µνHαµλHβνλ
+
5
24
⊥αβ⊥µν⊥λσHαµλHβνσ + 1
24
[
1− γ
2
(p + 1)
]
H2
)
−γ
2
16
[
(D − 2p− 2)2 + 2D − 8](∂aφ∂aφ−⊥µν∂µφ∂νφ)
]
.
This is the D-brane action which is corresponding to the bulk action (4.9). In fact, the
action (4.9) has been used in [14] to calculate the massless t-channel pole of the scattering
amplitude of two B-fields from D-brane. By subtracting this pole from the corresponding
disk-level S-matrix elements at order α′, the B-field couplings have been found in [14]
which are exactly the same as the B-field couplings in above action. The couplings of one
graviton and one dilaton that have been found in [14] are also consistent with the above
action. However, the couplings of two dilatons in above action are not exactly the same
as the couplings that have been found in [14]. Using the S-matrix element calculated in
[14], we have reexamined the calculation of the couplings of two dilatons at α′-order and
we have found an exact agreement with the above action. The details of this calculation
appear in the Appendix A. This completes our illustration of perfect agreement between
the manifestly T-duality invariant D-brane action (1.15) that we have found in this paper
and the S-matrix calculations.
Acknowledgment: This work is supported by Ferdowsi University of Mashhad under
the grant P/259-1387/03/04.
A S-matrix element of two dilatons
In this appendix we are going to show that the world volume couplings of two dilatons in
the Einstein frame that we have found in (4.15) are reproduced by corresponding string
theory S-matrix element. The disk-level scattering amplitude of two closed strings off a
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D-brane in bosonic string theory is given by the following expression [14]:
A ∼ d1B(−t/2, 1 + 2s) + d2B(−t/2, 2s)− d3B(1− t/2, 2s) + d4B(1− t/2, 1 + 2s)
+d5B(−1− t/2, 1 + 2s) + d6B(1− t/2,−1 + 2s) + d7B(−1− t/2,−1 + 2s)
−d8B(−t/2,−1 + 2s)− d9B(2− t/2,−1 + 2s) + d10B(3− t/2,−1 + 2s) , (A.1)
where t = −α′k1µkµ2 and s = −α′k1aka2/2. In above amplitude, d1, · · · , d10 are some
kinematic factors that depend on momenta and the polarization of the external states. We
refer the interested readers to [14] for the explicit form of these factors.
The dilaton amplitude is given by replacing the polarization tensors in d’s with the
following expression:
εµν =
1√
D − 2(ηµν − kµℓν − kνℓµ) , (A.2)
where the auxiliary vector ℓµ satisfying ℓ·k = 1, must be canceled in the whole amplitude.
We have done this replacement and found the following result:
A ∼ (D − t− 4)B
(
− t
2
− 1, 1 + 2s
)
+
Γ(2s− 1)Γ(1− t
2
)
4tΓ(2s− t
2
+ 2)
[
+16s2
[
t
(
D − 4tTrV + t(t + 7) + (TrV )2 − 4)− 4]
−8st
[
D + t2(2− TrV ) + t(1− TrV )2 + TrV (4− TrV )− 8
]
+256s4(t+ 1)− 128s3t(t− TrV + 2) + (t− 2)t2(2− TrV )2
]
. (A.3)
The auxiliary vector has been canceled, as expected. In above amplitude the matrix Vµν =
−diag(−1, 1, · · · , 1,−1,−1, · · · ,−1).
To study the above amplitude at low energy, we have to expend it at low energy, i.e.,
α′ → 0. The result is
A ∼ (2− TrV )
2t2 − 4st(2− TrV )2 + 16s2(D − 2)
4st
+
1
2
(−4s+ t)[(TrV )2 + 2D − 8] +O(α′2) .
The terms in the first line are at order α′0 which are reproduced by the couplings in the
DBI action (4.10) and bulk action (4.2), [14]. The terms in the second line are only contact
terms which must be reproduced by the effective action at order α′. It is easy to verify that
these terms are exactly reproduced by the dilaton couplings in the last line of (4.15).
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